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Dielectric dispersion of biological matter: Model combining Debye-type
and ‘‘universal’’ responses
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The remarkably broad dielectric dispersions exhibited by solid dielectrics are well-known examples of the
failure of Debye’s relaxation theory; such dispersions are much better represented by a ‘‘fractional power law’’
described by Jonscher@A. K. Jonscher, Nature267, 673 ~1977!# as the ‘‘universal dielectric response.’’ As it
happens, however, recent experimental advances in this field suggest that neither of the two approaches is
general enough to cope with the dielectric response of biological tissues, which combines striking features
from both types of behavior. A phenomenological function is therefore proposed, which not only reproduces
observations on biological tissues but also includes all of Jonscher’s ‘‘universal response,’’ the Debye, Cole-
Cole, and Davidson-Cole functions, as its special cases.@S1063-651X~99!15810-0#

PACS number~s!: 87.68.1z, 77.22.Gm
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The Debye theory@1# of dispersion and absorption in d
electrics predicts frequency-dependent permittivity«( f ) and
conductivitys( f ) both varying between their low- and high
frequency plateaus that correspond, respectively, to the
larized and relaxed states of the system. Deviations fr
Debye’s ideal characteristics result in broadening of the
persion, which has classically been correlated with some
tribution of relaxation times quantifiable in terms of th
Cole-Colea @2# or the Davidson-Coleb @3# parameters. This
type of behavior, collectively termed as theDebye-typehere
to include the Debye@1#, the Cole-Cole @2#, and the
Davidson-Cole@3# responses, is characteristic of some l
uids @3–6#, colloidal dispersions@7–9#, and biological cell
suspensions@5,7,10–13#.

Jonscher@14,15# has pointed out that, subject to stron
interactions among their constituents, a variety
materials—mostly solids@15#—exhibit a ‘‘universal’’ dis-
persion pattern that departs markedly from the Debye-t
response. Accordingly, the complex permittivity«* 5«
2 j s/v @with j 5(21)1/2 and v52p f , the angular fre-
quency# can be more aptly represented by theconstant-
phase-angle~CPA! function having the form (j v)n21 ~with
0,n,1! or by the superposition of two such function
Ngai, Jonscher, and White@16# further developed this idea t
propose that solid dielectrics can be classified accordin
the specific values ofn, which depend upon the relaxatio
mechanism~s! underlying the observed dielectric dispersio

However, when it comes to the interpretation of the aud
radio-frequency dielectric behavior of biological tissue
which is dominated by interfacial polarization across the c
membrane@7,12#, a mere application of either the Debye
the Jonscher treatment@12,17# is of limited assistance@18#.
In fact, with a few exceptions~notably, the lung!, experimen-
tal curves@12,19,20# combine features fromboth typesof
dispersions~i.e., the Debye-type and the CPA-type!. More
specifically, the high-frequency tails of the observed disp
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sions may be properly simulated by the classical~say, the
Cole-Cole! functions, but their prediction for the low
frequency plateaus of« and s does not usually come tru
@18#; instead, due to electrical interactions between tis
cells @18#, a CPA-type function seems to be a better desc
tion of the data in the low-frequency region of the plots
was therefore fully motivated to seek for a more gene
equation that includes the classical dispersion functions a
special cases, thereby enabling a better agreement with
served curves.

Several empirical functions were examined and the m
general I have arrived at is

«* 5«h1
D

@~ j vt!a1~ j vt!12b#g 1
s l

j v
, ~1!

where subscriptsl andh refer to the low- and high-frequenc
limiting values;a, b, andg are real constants taking over th
interval @0,1#; t is the characteristic relaxation time; andD is
a dimensional constant which in some cases~see below! is
called the dielectric increment (5« l2«h).

Equation~1!, which is symmetrical with respect toa and
b, reduces to the above-mentioned particular functions u
choosing proper values for thea, b, andg parameters. For
g51 anda1b,1 ~or alternatively,a1b.1!, it has the
asymptotic behavior

«2«h;~s2s l !/v;~v!2a for

v,2p/t ~or v.2p/t! ~2!

and

«2«h;~s2s l !/v;~v!b21 for

v.2p/t ~or v,2p/t!, ~3!

which is apparently Jonscher’s ‘‘universal’’ respon
@14,21,22#. Equation~1! also reduces to the Debye dispersi
function for a5b50 andg51, to the Cole-Cole function
for a50, 0,b,1, and g51, and to the Davidson-Cole
function fora5b50 and 0,g,1. In all of the Debye-type
4677 © 1999 The American Physical Society
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4678 PRE 60VALERICĂ RAICU
cases, the dispersion functions have finite limits at low f
quencies, for which reasonD becomes identical with the
well-known dielectric incrementD«5« l2«h .

Another special case, still more general than the abo
can be made forg51 and for botha andb taken arbitrarily
over @0, 1#, in which situation one readily obtains

«* 5«h1
D

~ j vt!a1~ j vt!12b 1
s l

j v
. ~4!

If, further, a512b, we get again the CPA law

«* 5«h1S j
v

s D b21

1
s l

j v
, ~5!

wheres is a scaling factor given bys5(D/2)1/(12b)t21. The
CPA behavior is believed to reflect@17,21–24#, though not
exclusively@22#, hierarchically organized~fractal! structures,
and it follows mathematically from various models of in
nite networks of resistors and capacitors or from more g
eral considerations of transport of charge in disordered
tems@21,22,25#. Some biological materials~such as the lung
@12,19# and plant leaves@17#! apparently fall into this same
category.

To illustrate the potential of the new function for predic
ing experimental data in the context of comparison betw
the above two approaches, literature data on liver tissue@26#
may serve as a typical example. Upon inspection of dat
Fig. 1, we notice that the simulation by the Cole-Cole fun
tion @i.e., Eq. ~1! with a50, b50.162, andg51# can ad-
equately reproduce the liver’s dielectric response in the h
frequency range; this is an expected outcome of
interfacial polarization occurring in systems of membran
bounded particles~in this case, cells and organelles! sub-
jected to variable electrical fields@10#. Nevertheless, the low
frequency plateau in« predictable from the Cole-Cole
function is clearly at variance with the experimental da
which, in the log-log plot, suggest a linear behavior at lo

FIG. 1. Experimental data of relative permittivity~d! «/«0

(«058.854310212 F/m) and conductivity~s! s vs frequency for
liver tissuein vivo ~from Ref. @26#!, and their comparative simula
tion by the function@Eq. ~1!# ~solid line! and the Cole-Cole function
~dashed line!. Parameters employed areD/«054.283104, f c

(52p/t)5104 kHz, a50.248,b50.120,g51, s l50.0956 S/m,
«h548 for Eq. ~1!, and D«/«055.803104, f c(52p/t)
554.1 kHz,a50, b50.162,g51, s l50.101 S/m,«h540 for the
Cole-Cole function.
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frequencies. A much better simulation of the data could
achieved when nonzero values were allowed for botha
~50.248! and b ~50.120! parameters in Eq.~1!, whose
asymptotic behavior at low frequencies is of the CPA-ty
~see above!. According to our previous account of the diele
tric relaxation in liver tissue, the marked departure of data
low frequencies from the Debye-type response most pr
ably reflects interactions between neighboring induced
~multi!poles @18#. Contributions originating from the polar
ization of electrodes—a common artifact in dielectr
measurements on conductive samples@27#—should be ruled
out as a possible explanation for the observed behavior, s
the data plotted in Fig. 1 have already been corrected
electrode polarization@26#. In any case, the linear portion o
the log-log plot shows a slope of20.41 instead of some
21.5, a value characteristic of the electrode polarization p
nomena@28#.

A dispersion pattern similar to the one presented in Fig
can be identified in most of the biological tissues@12,20–22#
and also in nonbiological systems, either natural~e.g., rocks
@23# and sand@29#! or artificial @15,30#. Common to all of
these materials is the high volume fraction of their consti
ent particles and/or the presence of particle aggregates,
ditions that are highly supportive to the above-mention
hypothesis of interparticle interactions.

As already mentioned in the introductory paragraphs,
viations of dielectric dispersion curves from the simple D
bye characteristics are traditionally quantified@2,3,6,22# in
terms of the distribution of relaxation times,F(y), defined
by

«* 5«h1d«E
2`

` F~y!

11 j vt
d ln~y!1

s l

j v
, ~6!

where y5t/tp with tp the most probable relaxation time
Although its physical meaning seems quite a bit difficult
fully grasp, I will derive a distribution function for the relax
ation times involved in Eq.~1! in order to make a compari
son with previous studies. To this end, we shall make use
the relationship@6#

F~y!5
1

2pd«
u«* @1/~yej p!#2«* @1/~ye2 j p!#u,

where «* @1/(ye6 j p)# can be obtained by substitutin
1/(ye6 j p) for j vt in Eq. ~1! which, after some algebraic
manipulation, gives

F~y! 5
y~11a2b!g/2

2g/2p

3
usin~gu!u

$cosh@~12a2b!ln y#1cos@p~12a2b!#%g/2

~7!

with

u5arctan
ya sin@p~12b!#1y12b sin@pa#

ya cos@p~12b!#1y12b cos@pa#
.

This distribution reduces to
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F~y!5
1

2p

ya sin@p~12b!#1y12b sin@pa#

cosh@~12a2b!ln y#1cos@p~12a2b!#
~8!

in the particular case of Eq.~4!, to the Cole-Cole and
Davidson-Cole distributions@2,3,6# for a50, and to the dis-
tribution function associated with the universal respon
~i.e., the Pareto distribution@22#! for a512b andg51.

The distribution functions for relaxation times corr
sponding to the theoretical simulations in Fig. 1 are plot
againsty in Fig. 2, together with the Pareto distribution. It
worth noting that the distribution implied by the best sim
lation of the experimental data~seesolid lines in Figs. 1 and
2! appears as an intermediate step toward the ‘‘degen
tion’’ of the Cole-Cole distribution into the Pareto distribu
tion asa increases from 0 to 12b. This fact comes to bridge
once again the apparent gap between the Jonscher an
Debye~or Cole-Cole! approaches, at the basic level of the
distribution functions for relaxation times.

In summary, I suggest that the Debye-type~i.e., the De-
bye, the Cole-Cole, and the Davidson-Cole! dispersion func-
tions and the universal response, which are otherwise us
in emphasizing the specific differences between classe
polarizable materials, are often too particular to complet
describe the dielectric behavior of such complex systems
but not restricted to, biological tissues. By contrast, a disp
sion function proposed herein reproduces typical experim
tal data with excellent accuracy over a broad range of
quencies, and appears to unify the two different types
,
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dispersion functions by including them as its limiting cas
These features taken together may shed light on the ma
in which we presently classify electrically polarizable ma
rials.

The author is very grateful to Professor A. Irimajiri for h
expert advice and helpful criticism during the elaboration
this work.

FIG. 2. Distribution functions for relaxation times@Eq. ~7!# cor-
responding to the theoretical curves in Fig. 1. Thea, b, and g
parameters as well as the type of the lines are exactly as in Fi
Also added, for comparison, is the Pareto distribution~dotted line,
a512b50.880,g51!.
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